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Abstract
In the paper we give numerical conditions for a line bundle on a general blow-up of abelian
surface to be k-very ample. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
The question when a line bundle on a blown-up variety is ample, very ample or
k-very ample has been studied recently by many authors.
K;uchle proved in [9] that on a general (i.e. in points in general position) blow-up
of a surface the line bundle M = a∗A −∑ri=1 Ei is ample if A is ample, a¿ 3 and
M 2¿ 0.
In case of a general blow-up of a projective plane, D’Almeida and Hirschowitz in
[6] gave the best possible answer to the question when M = a∗A −∑ri=1 Ei is very
ample.
For a general blow-up of an arbitrary surface S and M as above, the problem of
very ampleness of M was investigated by Coppens in [5]. He proved a result close to
the optimal, namely, that M is very ample provided that a¿ 7 and r6 h0(S; aA)− 7.
Beltrametti and Sommese in [4] considered the case of any, not necessarily general,
blow-up of a variety.
k-very ampleness of blow-ups was also studied by Ballico and Coppens in [1].
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The question when a given line bundle on a general blow-up of a surface is k-very
ample (k¿ 1) was investigated in a series of works by Szemberg and the author, cf.
[11–15].
In [11] Szemberg and the author considered the following problem: let S be a
polarized abelian surface, with LS , a primitive line bundle of type (1; d). Consider
a general blow-up of S in r points, and let L = ∗LS −
∑r
i=1 Ei. If k¿ 2, then, as
LEi=1, one cannot ask for k-very ampleness in general, but one can still ask what are
the bounds for d and r to have L k-very ample in a so-called “admissible” subscheme
Z . [11] gives an answer for this question, and in particular it states also when L is
very ample (i.e. 1-very ample). Thus, in this work we will restrict to the case k¿ 2.
In the present paper we consider the abelian surface as above and the line bundles
of the form
L= ∗LS − k
r∑
i=1
Ei
and we give the conditions under which L is k-very ample on S˜.
The main result runs as follows:
Theorem 1. Let (S; LS) be an abelian surface; with Picard number (S)= 1 and with
LS ample of type (1; d). Assume that d¿ 3(k +1)2 and k¿ 2. Let  : S˜ → S be the
blow-up in r general points; with
r6
2d
(k + 1)2
− 2:
Then the line bundle M = ∗LS − k
∑r
i=1 Ei is k-very ample on S˜.
2. Notation and background material
We work over the Keld of complex numbers. All varieties are assumed to be smooth
and projective. If X is a variety, by KX we denote the canonical divisor of X , and
by Hi(X;F) = Hi(F) the cohomology groups of a coherent sheaf F on X . For line
bundles L and divisors D on X we use exchangeably the notation L+ D, OX (D)⊗ L
or OX (D + L). The numerical equivalence is denoted by ≡.
k-very ampleness and Reider type criterion. Let us recall:
Denition 1. A line bundle L on a smooth projective variety X is k-very ample if for
any Z; a 0-dimensional subscheme of X of length k + 1; the restriction mapping:
H 0(X; L)→ H 0(X; L⊗ OZ)
is surjective. Thus; a line bundle is 0-very ample iN it is globally generated and 1-very
ample iN it is very ample.
In the proof of our main result we use the following criterion for a line bundle to be
k-very ample on a surface, proved by Beltrametti and Sommese in [3].
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Theorem 2. Let X be a smooth surface and let L be a numerically e:ective (nef) line
bundle on X ; such that L2¿ 4k + 5. Then either KX + L is k-very ample or there
exists an e:ective divisor D satisfying the following conditions:
(1) L − 2D is Q-e:ective; i.e. there exists a positive integer m such that
|m(L− 2D)| = ∅.
(2) D contains a subscheme Z of length k + 1; such that the mapping
H 0(KX ⊗ L)→ H 0(KX ⊗ L⊗ OZ)
is not surjective.
(3) LD − k − 16D2¡LD=2¡k + 1. (∗)
Seshadri constants: This section is devoted to the notion crucial in the sequel. Se-
shadri constants were introduced by Demailly in [7].
Let L be a numerically eNective line bundle on a smooth projective variety X and
let x∈X be a point.
Denition 3. (1) Let  : X˜ → X be the blowing up of X at x with the exceptional
divisor E. We deKne the Seshadri constant of L at x as the number
(L; x) = sup{ such that ∗L− E is nef}:
(2) More generally; for pairwise distinct points x1; : : : ; xr in X ; and ; the blowing up
of X in the considered points; the number
(L; x1; : : : ; xr) = sup
{
 such that ∗L− 
r∑
i=1
Ei is nef
}
;
is the multiple point Seshadri constant of L at x1; : : : ; xr .
Customary, for r very general points (i.e. for r-tuples of points on X away of a
possible countable union of proper subvarieties in the Hilbert scheme S [r]X ) we write
briePy (L; r). We recall (cf. [8]):
Lemma 4. If = (L; r) then for any positive number ¿ 0 there exists a non-empty
Zariski open subset U ⊂ S [r]X such that
(L; x1; : : : ; xr)¿ − 
for {x1; : : : ; xr}∈U.
The following criterion is due to K;uchle [10].
Proposition 5. Let L be a nef line bundle on a smooth projective n-fold. For r¿ 2
we have
(L; r)¿min
{
(L; 1);
n
√
Ln
2
;
n
√
Ln(r − 1)n−1
r
}
:
84 H. Tutaj-Gasinska / Journal of Pure and Applied Algebra 176 (2002) 81–88
In particular; in the case of surfaces
(L; r)¿min
{
(L; 1);
√
r − 1
r
√
L2
}
:
Note that on abelian surfaces (L) = (L; x) does not depend on x∈X . From [2] we
have the following bound.
Proposition 6. Let (S; L) be a polarized abelian surface with L ample of type (1; d).
Then
(L)¿min
{
0;
√
7
2
√
d
}
;
where 0 is the minimal degree of an elliptic curve in S with respect to L.
3. Main result
Let us consider an abelian surface S, with Picard number one, and an ample line
bundle LS is of type (1; d). Then, L2S = 2d. Consider then a blow-up of S,  : S˜ → S
in r (general) points and a line bundle on S˜ given by
M = ∗LS − k
r∑
i=1
Ei:
In order to prove k-very ampleness of the above bundle by means of Theorem 2, we
have to consider the bundle
L=M − KS˜ ≡ ∗LS − (k + 1)
r∑
i=1
Ei:
As the line bundle L should be nef, the necessary condition on r is r6 2d=(k + 1)2.
The bound in our theorem is slightly worse.
Theorem 7. Let (S; LS) be an abelian surface; with Picard number (S)= 1 and with
LS ample of type (1; d). Assume that d¿ 3(k +1)2 and k¿ 2. Let  : S˜ → S be the
blow-up in r general points; with
r6
2d
(k + 1)2
− 2:
Then the line bundle M = ∗LS − k
∑r
i=1 Ei is k-very ample on S˜.
Proof. Let L = M − KS ≡ ∗LS − (k + 1)
∑r
i=1 Ei. As mentioned before; we will
prove the theorem; using the Reider-type criterion. Our aim is; Krst to check whether
Theorem 2 may be applied and then to exclude the existence of the divisor D.
Let us start with this obvious observation:
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Lemma 8. Under the assumptions of the theorem; L2¿ 4k + 5.
Proof. L2 = 2d− r(k + 1)2¿ 2(k + 1)2¿ 4k + 5; if k¿ 2.
To prove ampleness (so nefness) of L it is enough to obtain that for very general
points, the multiple point Seshadri constant, (LS; r)¿ (k+1). Indeed, then by Lemma
4:
(LS; P1; : : : ; Pr)¿(LS; r)− ¿k + 1;
for  small enough and P1; : : : ; Pr outside an algebraic set, depending on .
Thus, the plan is to prove that (LS; 1)=(LS)¿k+1 and that
√
2d(r − 1)=r ¿k+1.
Then, applying Proposition 5, we obtain that (LS; r)¿k + 1 and we are done with
the ampleness of L.
Observe now, that as (S)=1, it follows that there are no elliptic curves on S. Thus,
in Proposition 6 there is only one condition to be veriKed, namely the sharp inequality:
Lemma 9. (LS)¿
√
7
2
√
d¿ (k + 1).
Proof. In fact; we will prove more√
7
2
√
d¿
2d(k + 1)
2d− k : (1)
This means that 7(2d− k)2¿ 16d(k + 1)2, so
28d2 − d(16k2 + 60k + 16) + 7k2¿ 0:
It is easy to see that this quadratic function is increasing for d¿ 2(k + 1)2 and that
the above inequality is satisKed if d= 3(k + 1)2.
In the next lemma we will prove that (LS; r)¿k + 1.
Lemma 10. (LS; r)¿
√
2d(r−1)
r ¿ (k + 1).
Proof. Again; we will prove more:√
2d(r − 1)
r
¿
2d(k + 1)
2d− k : (2)
The function
√
r − 1=r is decreasing; so it is enough to check (2) for the maximal
possible r. From (2) we obtain
2r2d(k + 1)2 − (r − 1)(2d− k)2¡ 0:
Putting r = 2d=(k + 1)2 − 2 and multiplying by (k + 1)2; we get
−4d2k2 − 4d2 + 8dk4 + 20dk3 + 22dk2 + 20dk + 8d+ 3k4 + 6k3 + 3k2¡ 0:
The left-hand side of the above inequality is; as a function of d; decreasing for
d¿ 3(k + 1)2 and the inequality is satisKed for d = 3(k + 1)2; which proves the
lemma.
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Having L ample, with L2¿ 4k+5 we have now to exclude the existence of a divisor
D satisfying (∗). Suppose to the contrary, that there exists an eNective divisor D on
S˜, satisfying (∗).
If D=
∑
aiEi with ai¿ 0, then LD−(k+1)=(k+1)(
∑r
i=1 ai−1) and D2=−
∑
a2i .
Thus from (∗), (k + 1)∑ri=1 ai6 (k + 1); which implies that all but one ai are zero,
so
LD − (k + 1) = 06D2 =−1;
a contradiction.
Then D = ∗DS −
∑r
i=1 miEi with DS a non-trivial divisor on S. Note, that as
(LS; P1; : : : ; Pr)¿ 2d(k+1)=2d− k, from the deKnition of Seshadri constant it follows
that (
∗LS − 2d(k + 1)2d− k
r∑
i=1
Ei
)
D¿ 0; so LSDS ¿
2d(k + 1)
2d− k
r∑
i=1
mi:
Thus we get,
−LSDS(2d− k)
2d
¡− (k + 1)
r∑
i=1
mi:
Calculating LD we obtain:
LD = LSDS − (k + 1)
r∑
i=1
mi ¿LSDS
(
1− 2d− k
2d
)
= LSDS
k
2d
:
Next, observe that as (S)=1, there exists a natural number a¿ 0, such that DS=aLS ,
and so LSDS = 2ad¿ 2d and LD¿ak.
Thus the only two possibilities for (∗) to hold are
(1) a= 1, so DS = LS and k ¡LD6 2k + 1.
(2) a= 2, so DS = 2LS and LD = 2k + 1.
(1) From (∗) it follows that
D2 = 2d−
r∑
i=1
m2i 6
LD
2
= d− k + 1
2
r∑
i=1
mi; so
r∑
i=1
mi6
2
k + 1
(
r∑
i=1
m2i − d
)
: (3)
As in our case LD¿k, (∗) implies that
−1¡LD − (k + 1)6D2 = 2d−
r∑
i=1
m2i ;
which implies that
r∑
i=1
m2i 6 2d: (4)
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On the other hand, from (∗), it follows that LD¡ 2k + 2 which gives that
2d¡ (k + 1)
(
r∑
i=1
mi + 2
)
so 4d2¡ (k + 1)2
(
r∑
i=1
mi + 2
)2
:
Now, using (3) and (4), the inequality (
∑r
i=1 mi)
26 r
∑r
i=1 m
2
i and the assumption
on r, we obtain:
4d2 ¡ (k + 1)2
(
4 + 4
r∑
i=1
mi + r
r∑
i=1
m2i
)
6 4(k + 1)2 + 8(k + 1)
r∑
i=1
m2i − 8d(k + 1) + (2d− 2(k + 1)2)
r∑
i=1
m2i
6 4(k + 1)2 − 8d(k + 1) + 2d(2d− 2(k + 1)2 + 8(k + 1))
6 4(k + 1)2 + 4d2 − 4d(k2 − 1):
That implies Knally that
d(k2 − 1)¡ (k + 1)2;
which contradicts our assumption on d.
This way we have excluded the Krst possibility.
(2) Now DS = 2LS and LD = 2k + 1. Using (∗) again we get that D2 = k, so
r∑
i=1
m2i = 8d− k; and also
r∑
i=1
mi =
4d− 2k − 1
k + 1
:
Thus, applying the above, and again the inequality (
∑r
i=1 mi)
26 r
∑r
i=1 m
2
i and the
bound on r, we obtain from LD¡ 2k + 2:
16d2 = (LSDS)2¡ (k + 1)2r
r∑
i=1
m2i + 4(k + 1)
2
r∑
i=1
mi + 4(k + 1)2
6 4(k + 1)2 + 4(k + 1)(4d− 2k − 1) + (8d− k)(2d− 2(k + 1)2):
It is easy to see that the above implies that
d(16k2 + 18k)¡ 4(k + 1)3;
which contradicts d¿ 3(k+1)2. Thus, the second possibility is excluded and this ends
the proof of the theorem.
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